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For a field, F, of characteristic different from 2 we wish to investigate the relation 
between the Witt-Grothendieck ring, l@(F), and the Milnor k-ring, k,(F). The 
former is a functor studied in the algebraic theory of quadratic forms and the latter is 
Milnor’s generalization of Ki(F), i = 0, 1,2, the algebraic K-theory of a field. The 
two theories are related via characteristic classes introduced by Milnor [l l] and 
Delzant [4]. 
In each of the theories there is a notion of transfer. These maps will 'be denoted by 
T : l@(E) + l@(F) and by N: k,(E) + k,(F), respectively, where E is a fmite exten- 
sion of F. The main theorem states that the total characteristi*c class, w, commutes 
with transfer if E is Galois over F of odd degree, i.e. 
t@(E) &k,(E) 
is a commutative diagram. If E is an even degree xtension of F we only get a partial 
result. That is the diagram commutes modulo the kernel of the restriction map, 
res : k,(F) + &(E). 
We call such a theorem a “Riemann-Roth theorem”. It is similar to a number of 
classical theorems of this type. For example in topological K-theory we have the 
Chern classes defined on vector bundles, taking their values in the cohomology of the 
abase space of those vector bundles, In this example the Rilemann-Roth theorem says 
that transfer in K-theory and cohomology theory commute modulo multiplication 
by a cohomology class closely related to the Todd genus, (see [2, Theorem 3. “13). A 
second example involves the Chern classes introduced by Atiyah [l]. They are 
on the complex representation ring of a finite group, 
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in the group cohomology of G. In [1] Atiyah posed the question as to whether the 
transfer maps in representation theory and cohomology are related through the 
Chern classes. This question was resolved by Evens [7] and Knopfmaches [9]. 
t should be pointed out that the transfer, N, defined on k,(E) is not the standard 
transfer map but rather a generalization ofthe multiplicative transfer introduced by 
Evens in [6] in answering the question posed by Atiyah about the Chern classes. 
transfer in the cohomology of discrete groups 
Given a group G and a subgroup H of finite index, I, consider the group 
cohomology of G and H with coefficients in 22, the integers mod 2. Since 
cot=Jmology inthis paper will always be taken with coefficients in22 we will denote 
the cohomology ring merely by H*(G), without referring explicitly to the coefficient 
module. Let H”(G) denote the algebra over 22 consisting of all formal series, 
eo+&+E2+* l ’ 9 where pi E &H’(G). The multiplicative subgroup consisting of all 
units in H”(G) will be denoted by HE(G). 
In [6] L. Evens introduced a map NH-+G : H”(H)+ H”(G) which he calls a 
generalized (or multiplicative) transfer map. This map is not cannonical nd depends 
on a choice of a left transversal, (1, 72, . . . , q}, for G over H. There is a natural 
relation, though, between two such transfer maps defined by using different rans- 
versals. Although Evens only considers the subalgebra of all even dimensional 
classes, this is merely because of sign considerations (he is dealing with general 
coefficient modules) and will not effect our case because our coefficients are in 22. 
For an explicit definition of N H-+G, which is natural but quite complicated, see [6]. 
e will now list a number of important properties of this transfer map, all which are 
stated and proved in the above mentioned reference. 
(i) Transitivity. Suppose H contains a subgroup, K, of finite index then N*+G = 
NH+~ 0 NK_c~, where we agree to always compose functions on the left. 
(ii) Automorphism property. Suppose @: G’ -) G is a homomorphism ofgroups, H 
a subgroup of finite index, I, and suppose H’ = @-‘(If) is also of index 1 in G’. Then 
Qz”, the induced map on cohomology, commutes with the generalized transfer, i.e. 
restricted to H’. 
(iii) Normal subgroup. Let be a normal subgroup of G and let (1,72, . . . , T,}, be 
the left transversal of G over used to define the transfer. Conjugation by ri, 
O:~id, defines an orphism, c,, of H (i.e. h + ’ ). This induces an 
endcmorphism of111 which we will denote by 6:. If r “(G)+ H”(H) is the 
restrictian map in cohomology and if 6 E ) then 
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Since an inner automorphism induces the identity on cohomology the map cc 
induces awell defined left action of the group G/H on H”(H). If 0‘ E Gj 
above we will denote the image of c acting on 6 by u& 
( 1 iv ltiplicative property. If 5 and p7 are cohomology classes let 6 L q be the cup 
product (i.e. multiplication in H”). We then have the following formula 
In other words N H4G is a group homomorphism from HZ:(H) + H,“(G). 
(v) Computation. If SE H’(H), then 
NH_,G(~+~)=No(~)+N~(~)+~ l l NdS) 
where N&)E H’(G) with NO(t) = 1, N&) equal to the corestriction map in 
cohomology applied to e and Nl(&) = N H-,G(t)” The corestriction map in 
cohomology, the standard transfer map in H’, will be denoted by cores. 
2. Galois cohomology 
Let F be a field of characteristic #2 and let E be a finite Galois extension of degree 
I over F with GaloiS group G. Let Es be a separable closure of E then Es is also a 
separable closure of F. If GF (respectively, GE) represents the Galois group of Es 
over F (respectively, E) then GE is a normal subgroup of GF of index I and 
GF/GE = G. GF is a profinite group. It is the inverse limit of the finite group {GE}ach 
I some indexing set. Each GE is the Galois group of E” over F and {~??}~~l is the set 
of all finite Galois extensions of E contained in Es. Similarly GE is an inverse limit of 
GE, denoted GE = m, GE. By Galois theory we know that for each ar E I GE is a 
normal subgroup of GE with quotient group isomorphic to G. Let us choose in GF a 
left transversal for GF over GE, (1, 71, . . . , 71) and let ~7 denote the image in G; of Ti 
under the cannonical map from GF + GE. For p a a! let @$” : Gg + GE be the maps 
defining the inverse limit. 
For each cx we have a multiplicative transfer map, N” : H”(GZ) + H”(GE). By the 
automorph.ism property of the previous ection it is easy to see that the maps N” are 
consistent with the maps on cohomology induced by the @p and cP$” (in thie 
notation of the previous section &” = (@E”),-J. This implies that we have a well 
defined map N++G~ (denoted simply by N when there is no confusion). 
&&ion. Let IV: Hw(G& H”(G& be the direct limit of the kmaps N”, i.e. 
N = lir+ Na. 
This definition makes ense since th.e cohomology of GE is isomorphic to the direct 
limit of the cohomology of the Gg and similarly for GJZ, Recall that the direct limit 
maps are the ones induced on cohomology by the &J” and a$‘“. A good reference 
for all the preceding assertions about he cohomology of profinite groups is [ 1 
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now observe that the properties cited in the previous section carry over to the 
profinite case. 
If& q E H”(G&, thenN(& 7) =N(&)uN(q). InparticularNisa 
group homomorphism from HE(G& to Hi. 
. The direct limit is a quotient of the direct sum. If (&), (v~) are finite 
sequences representing 5, ‘12, respectively, then (& w qa) represents eu v). This 
remark follows because the maps defining the direct limit are all commutative ring 
homomorphisms. The rest follows from the definition of N and from the fact that 
each N, satisfies the multiplicative property. 
Let 1, 72, . . . , rr be a left transversal for GF over GE md let c: be the 
endomorphism if H”(GE) induced by conjugation by 7,:. If res: H”(GF) + H”(GE) is 
the restriction map, then res 0 N(c) = nl=, c;(s) where 5 E H”(GE). [f we realize Gas 
GAPjGE, then the formula says that res 0 N(e) = noEG (-6). 
roof, For each a! E I choose a transversal { 1, & . . . . r;1} by taking the images in Gg 
of the {7i}f+. Then the map c, = @, ct. For each LY we know by the normal 
subgroup roperty of Section 1 that 
resa 0 N”([“) = n (c~)“(~*) where [a E H”(Gg). 
i = 1 
Since the maps in question, namely N, res and c,, are direct limits of N”, resa and cTi, 
respectively, the formula will also be valid in H”( GE). 
Using the same reasoning as in the proofs of the previous two propositions we can 
prove the following, which generalizes the computation (Property 4) of Section 1 to 
the profinite case. 
. Let e E H ‘(GE), then 
N(l+c)= (O+N&)+e l l +NM 
where No(e) = 1, N&) = cores(S) arad A!,(&) = 
. The only new element ‘In this proposition he corestriction map. We have to 
show that cores = lim, coresa where coresa : ‘(GE) + H’(Gg). Checking the 
definitions of corestriction i  the finite case (e.g. [8]) and the profinite case (e.g. [15]) 
it is easy to see that this is in 
inally we need to recall the following essential fact about grou 
=(GE) is injective. 
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This follows because the index of GE in GF is prime to 2 and the coefficient 
2 (see for example [l&j). 
represents an n-dimensional quadratic form over F then A4 is isomorphic to 
an orthogonal direct sum (a&3 * l l @(a,) of one dimensional forms. In this notation 
(a) denotes the one dimensional form wh e the inner product of a suitable basis 
vector with itself is a. The Witt-Grothen ck ring, e(F), consists of all formal 
differences M-N of quadratic forms over F; where M-N equals Mp - N’ if and 
only if the orthogonal direct sum MO N’ is isomorphic to M’O N (see e.g. [lo], 
6111). The multiplication in p(F) is the unique extension to c(F) of the product 
formula 
(a)&) = (ab) 
defined on one dimensional forms. 
For any finite extension E of F we have a ring homomorphism res : b@(F) + I@(E) 
which on the additive generator (a) is simply the map sending (a)F + (a)E (see [lo] 
where res is denoted by r*). Given any F-linear functional from E to F, for example 
the trace, we get an additive group homomorphism from w(E)+ q(F). This 
homomorphism restricted to the generator (a) is the form whose underlying vector . 
space is E over F with bilinear form (x, y) = f(axy) where X, y E E and f is the linear 
functional (for more detail see [ 101). In the case wheref is the trace linear function we 
will denote the induced map from b@(E) to m(P) by Z 
In [lo] a number of important properties of T are discussed. For our considera- 
tions in this paper we will cite only one of those properties. If E is Galois over F with 
Galois group G, then we get a left action of G on p(E). If c E G and (a) is a 
generator the “(a) = (ua). For a general element q E b?(E) we will denote this action 
bY s+% 
Proposition 3.1. If E is a finite Galois extension of F with Galois group G, then for any 
q E e(E) 
res 0 T(q) = C uq. 
ffEG 
YC 
The connection b itt--Grothendiec 
made by the Stiefel es introduced by 
ilnor these classes take their values in k, the mod 2 lretluce 
recall t nitio in [ll]. 
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For any field F let 1: F, +&(F) be the cannonical isomorphism where FU is the 
group of units in F and &(F) is the same group written additively, i.e. l(ab) = 
l(a) + l(3). KO(F) is equal to and for n 2 2 we define K,(F) as the quotient of the 
n-fold tensor product KI(F) 0 l l l @K,(F) by the subgroup generated by all 
l(a&+ 9 l @ l(a,) such that ai + ai+l = 1 for some i. _ 
In this notation the group K*(F) is generated by elements l(a1)@l(a2) (written 
from now on simply as 1 (al)l(a& Viewing &(F) as the group of universal symbols 
(see WI) 1hM a2 corresponds to the symbol {al, a$ So we should think of the 1 
generators of K,(F), n > 2, as n-fold symbols. 
For it 3 0 define k,(F) as K,(F)/2K,(F). If F is a field of characteristic #2 let k, 
be the algebra over 22 consisting of all formal series 60 + & + . l l with ei E ki(F). Thus 
k,(F) is additively isomorphic to the Cartesian product ka(F) x kI(F) x ka(F) x l . l . 
The subalgebra consisting of all finite formal sums will be denoted by k,(F). 
The total Stiefel-Whitney class, w, is a group homomorphism from the additive 
group of I@(F) to the multiplicative group of units in k,(F). It is defined on a 
generator (a) by the formula 
w(a) = 1+ l(a). 
This map is well defined [ 111 and its value on a typical element 4 E fi(F) is denoted 
bY 
where wi(q) E ki(F) is called the ith Stiefel-Whitney class. If 4 = M is a quadratic 
form then w 1(M) is the classical discriminant of M and wZ(M) is related to the 
classical Hasse-Witt invariant. Note that w1 is in fact a homomorphism from e(F) 
to kI(F). The same is not true for the higher classes. 
If Fs is a separable closure of F and GF the Galois group of Fs over F then kl(F) is 
isomorphic to H’(F). This isomorphism is induced by a surjective homomorphism 
6 : F, + H1( GF), where 6 is a boundary map from a cohomology long exact sequence 
(see [Ill, 0 6). 
(Bass, Tale). The isomorphism l(a)+s(a) from kl(F) to H’(GF) 
extends uniquely to a ring homomorphism hF : k*(F)-H”(G&. 
. This proposition is proved in [ 1 l] by noting that if we identify H2(G=) with 
the elements in the Brauer group of order 2 then S(a)S(b) corresponds to the 
quaternion algebra ((a, b)/F). IIt is then noted that ((a, b)/F) is the identity in the 
rauer group (i.e. is split) if a -5 b = e only defining relation in the ring 
k,(F) is l(a)l(b) = 0 if a + b = I the ws immediately, 
The homomorp m hF is known to be bijective for a large number o 
example we have 
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If F is finite, or local, or global, or real closed, then hF : k,(F) + 
From the definition it is easy to sele that hF can also be considered as a homomor- 
phism from k,(F) to H”(GF). 
emark. By an abuse of notation we will think of the Stiefel-Whitney classes as 
elements of H”(GF). The total class, as an element of H”(G&, is h&v(q)) where 
4 E G(F). We will still denote this (lcohomology) class by w(q). In this notation the 
nth class w&) is an element of Hn (G& The map w will now be a group 
homomorphism from k(F) (additiv!e structure) to the multiplicative group Hz (G,-). 
Although wi(q) is thought of as being both in ki(F) and Hi(GF) (which is not 
unreasonable considering the previous proposition) the context should always make 
it clear which case we are discussing. It should be noted that this second definition of 
the wi(q) E H’(GF) corresponds to Delzant’s original definition in [4]. 
5. Main theorem 
We now come to our main theorem which will tie together the two transfer maps T 
and N via the total Stiefel-Whitney class. The first step is supplied by a classical 
theorem about quadratic forms found for example in 1133. I wish to thank Hyman Bass 
for pointing out this theorem to me after I had reproved a special case in a rather long 
winded fashion. 
In this section we will always assume that we have a field F, ch(F) # 2, and E’, a 
finite extension of degree 1. As in previous sections if E is Galois ovier F then the 
Galois group of E over F will be denoted by G and the absolute Galois groups of E, 
F, respectively, will be denoted by GE, GF, respectively. It should be noted, though, 
that for the following result we need not assume that the extension isI Galois. 
Theorem 5.1 ([3, Proposition 6, p. 461). Let % E+F denote the classical norm map 
from kl(E) + kl(F) and let M be an n-dimensional quadratic form over E. Viewing M 
as representing an element of I@(E) we have 
wU-(MN = ~3 E+F(WI(M)) + WdT((l)))“- 
If (a) is a one dimensional form over E the :above theorem implies that on 
elements of the form 4 = (a) - (1) we have 
wloT(q)= %IE-wF"Wl(q)- 
This follows because wl(( 1)) = 0. The elements (a) - (1), a E E,, are an additive set of 
generators for the augmentation ideal i(E). f(E) is the kernel of the map 
wnich extends to *‘(E) the map associating to a quadratic for 
e therefore get t e following corollary. 
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. On the ideal f(E) SE+= * WI = WI 0 T. 
5.3. If E is Galuis over F of odd degree, then %E+F 0 w1 = wl 0 T on all of 
If E is Galois over F of odd degree 1, then by Proposition 3.1 res * T(( 1)) = 
I(1). in this case we also know that the map res is tnjective [lo, Chapter 7, 
Proposition 2.l]. Since WI commutes with the restriction maps in k and k1 we are 
done. 
In [13] C. Riehm generalizes Corollary 5.2 to w2, the second Stiefel-Whitney 
class. 
eorena 5.4 (Riehm). Let cores : H2(GE) + H2(GF) be the corestriction map in 
cohomoiogy. If q = ((al) - (l>)((a,> - (1)) E q(E), theta w2 * T(q) = cores * w2(q). 
roof. This is Corollary 2 in Section 6 of [13] after a few observations. By fll, 
Lemma 3.21 w2(q) = l(a1)l(a2), and WI(~) = 0. Since q E i(E) Corollary 5.2 implies 
thatwl*T(q)=O.If~=(ala2)+(l)andN=(al)+(a2),thenq=M-N.Tandwl 
being additive homomorphisms we get that w1 0 T(M) = w1 * T(N). Let us recall that 
woT(M-N)=w*T(M)/woT(N) 
1+ wl(T(M))+ wz(T(M))+. l l 
- 
1+ wt(T(N))+ wz(T(N))+. l 9 
= 1 + w2(T(M)) + w2( T(N)) + l l 8 . 
This says that wz(T(q)) = w2 0 T(M)+ w2 * T(N). The proof is now complete since 
the formula in [13] c,tates that 
cores(l(al)l(az)) = w2 * T(M) + w2 0 T(N). 
lements of the form ((al) - (l))((az) - (1)) form an additive set of genera- 
tors for i2(E), the square of the augmentation ideal. It is then clear why Theorem 5.4 
is a generalization of Corollary 5.2. 
. The ring homomorphism hF : k*(E)+ H*(GE) introduced in Section 4 
induces additive homomorph%ms hF : ki(E) + H’(G=) for i 9 0. For i = 1,2 let us 
denote the corestriction map in cohomology as cores”‘: H’(GE) + H’(G=) and let 
T”) : ki(E) + k,(F), i = 1,2, be the standard transfer maps in K-theory (see 6123). 
T’ : kl(E)+ kI(F) is just the classical norm map %E+F. For i = 1 a straightforward 
calculation shows that hF 0 T”’ = cores”’ 0 hp. [ 161 Tate has recently proved that 
hF * T2 = corest2) 0 hF. Corolla and kl via ~1, and ‘I’heorem 5.4 
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We are now ready to state thle main theorem. Recall that in Section 2 we defined 
the multiplicative transfer map, N, which is a multiplicative group homomorphism 
from 
ain Theorem). Suppose E is a finite Galois extension of Fof degree 1. 
If y E $@!Z), then w 0 T(q) = N 0 w (4) module the kernel of the restriction map 
res: H”(G& H”(G&. 
If 1 is odd, then we have a commutative diagram 
I I T N 
~~(F)WH~(G,) 
Proof of Corollary 5.6. If 2 is odd, then res is injective by Proposition 2.4. 
Proof of Theorem 5.5. Diag,ram (1) is a diagram of groups and group homomf)r- 
phisms so it is enough to check the commutativity on a generator (a) E @(E). 
w({a))= hp(l+l(a))= ~+S(U)E_?T(G~). 
We noted before that the map w commutes with restriction, i.e. 
li’;F) w -H”(G[.) 
3s a commutative diagram. This is especially easy to check on a generator (b) E m(F) 
sinze res((b)p) = (b)~ and the diagram merely says that 1 + S(b) = 1+6(b)., So to 
prove the theorem it is enough to show that 
w 0 res(T((a))) = res 0 N(l+iSia)). (2) 
Proposition 2.2 says that 
resoN(l.+S(a))=:OFG”(1+6(a))= n l+??(a). 
UtSG 
On the other hand Proposition 3.1 implies that 
(a)) = C b-b)> 
UEG 
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and therefore 
w * res(T((a))) = JJ (1+ s(a(a))). 
UEG 
Formula (2) (and therefore the pA oof) will be established if we can show that 
“S(a) = S(a(a)). 
To see this let us explicitly describe the isomorp ism 6: kl(E)+ H’(Gd. Given 
aEE,, 
6(a) E H1(GE) =Hom(GE; &) 
is the homomorphism defined by 
S(a)[r] = T(&) ’ (-hi)-’ = *l 
where & is any choice for a square root of a in Es, and 7 E GE. Let us think of u E G 
as being represented by a left coset in GF/GE s G. 
l3y definition we have 
= 7 0 a(&) l a(J@ 
by choosing &&j = c&. 
On the other hand we have 
“S(a)[r] == S(a)[ i?m] = o-‘m(&) l (A$’ 
= 7 0 a(&) l a(&)-‘. 
The last equality follows by noting that the element in question is in 22 and hence 
fixed by the automorphism (r. Cl 
uadratic extensions 
By the main theorem we know that for any element 4 E bit(E) there exists a 
cohomology class 6 E H”(G& with res([) = 0 and such that w * T(q) = N * y(q) l (. 
Theelement&= l+&+&+a . l where &i E Hi ( GF). If E is an odd degree xtension, 
then in fact e = 1. So let us consider the simplest even degree xtension, that of a 
quadratic extension. 
Let us suppose that a E F and that E = F(a) where cy * = a. For this discussion let us 
also assume that hF : k,(E) + H”(G& is hijective, a not unreasonable assumption by 
virtue of Proposition 4.2. If this is the case, then N can be defined as a map from 
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k,(E) + k,(F), using hF1. Then the main theorem would say that 
k(E) 2 k,(E) 
I I T N 
WF) -J-+ k,(F) 
commutes modulo the kernel of res : k,(F) + k,(E). It is in this context that we write 
the following comments. 
Let 9 = (6) E p(E) where p E E,. With the notation introduced above 
w 0 T((/3)) = N(l+ l(p‘)) 9 6. 
By Proposition 2.3 N(l+ l(p)) = 1+ NJl(p))+ N&(p)), where Nl(l(p)) = 
%,,,(p) and N*(l(@)) = N(l@)). We then have the following formuPa 
=~+(~~,,F(p)+~,)+(~(l(p))+~2+\JzE,F(p)~?)+" l * 
Look at each summand, dimension by dimension, and we get wl( T(p)+ = 
YIE,F(P)+[1. By Theorem 5.1 we know that & = WI 0 T((l)) which by a compu- 
tation in [lo] (Theorem 1.6 together with Remark (c) following Corollary 1.5) is 
equal to -&+(a) = a E F. Therefore & = a and is independent of the form 
(P) E k(E)= 
Since %E+&) is a norm from F adjoined the square root of 61 = LZ, we know by 
[12, Corolfary 14.31 that 92 E+F(P) . & = 0 E k#). In &(F) we therefore have the 
formula 
where s;! i ker {ret : k2(F) + k2(E)}. If E is exact over F, a condition which is valid 
whenever hF is bijective, Elman :and Lam have shown that the ker(res) = 1(&l(F) E 
k2(F) [S]. So in fact we know that there must exist b E Fa such that 
wz(TCB)) = NU(PN+ l.(a)W). 
It would be interesting to know just how ~3 and b are related. 
If for example we cholose p =: cy then one can show that w~(T(cY)) := 0. This says 
l(b) = N(l(a)). The main problem is that the map N is so hard to compute 
even in t!he simplest case:s. 
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